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Abstract— In the literature survey, there exist
several research papers devoted to the generation
of non-singular matrices with coefficients in a
finite field. One of these papers refers to the
generation of such matrices through the
multiplication of polynomials modulus a
primitive polynomial. However, the complexity
bound given for the algorithm is not accurate.
Thus, in this paper, we conduct a new analysis on
the complexity of the same. We also remove the
restriction of using a primitive polynomial to
generate the matrix by using an arbitrary monic
polynomial over a finite field whose independent
term is distinct from zero.

Tém tit— Qua nghién ciru thiy ring, ton tai
nhiéu phwong phip sinh cic ma trin khong suy
bién trén trwong hiru han. Mot trong nhirng
cong bo khoa hoc da dé cap dén viéc tao ra cac
ma trin nhw vy thong qua phép nhan cia cac
da thirc theo mo-dun mgt da thirc nguyén thiy.
Tuy nhién, dinh gia d¢ phirc tap ciia thuit toan
dugc dua ra la chwa chinh xac. Do dd, trong bai
bao nay, chiing tdi dé xuit mdt phan tich méi
cho d9 phirc tap dé khic phuc han ché trong cac
cong bo trude. N6 lien quan dén viée sir dung da
thirc nguyén thiy dé tao ma trin bing cach sir
dung da thirc monic tuy y trén mot trweong hiru
han c6 s6 hang ddc 1ap khac 0.

Keywords—non-singular matrices, multiplication of
polynomials, computational complexity.

Tir khéa— ma tran khong suy bién, phép nhan da
thire, do phirc tap tinh toan.

|. INTRODUCTION

The problems related to the generation of
non-singular matrices, find their inverses and
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multiply two matrices are classical in linear
algebra. All these problems have complexity
O(n®) when solved using naive algorithms [1].
However, there exist methods whose
computational complexity is lower than this
bound, such as the one presented in [2] for
matrix multiplication which runs
in O(n?37286), For the case of generating non-
singular matrices, it is known that on average it
takes between 3 and 4 random selections to
obtain a non-singular matrix over the finite field
F,, which consumes about 3n? or 4n?
bits (n? bits each time) [2, 3]. In addition, the
work from Randall [4] shows
an efficient algorithm for the generation of a
random non-singular matrix over F,. In the
particular case of F, = IF,, the algorithm has a
time complexity of
M(n)+0(n?  where M(n) is the
computational complexity for multiplying
two n X n matrices. Finally, one can generate

non-singular matrices through
the multiplication of polynomials modulus a
primitive ~ polynomial over a finite

field as presented in [5].

When working in the field IF, such that g =
pt with p a prime number and t € Z*, the latter
method is stated to have computational
complexity 0O(n3(log, n)(log,log, n))  [5],
which we believe is not an accurate upper bound
for the algorithm. Moreover, as the size of the
matrix grows, it will be difficult to execute the
algorithm due the complexity of finding
primitive polynomials with a high degree.

Our contributions: This paper addresses the
complexity of the algorithms presented in [5],
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showing that the upper bound presented by its
authors is not accurate and providing the
mathematical proofs that allow us to reduce the
upper bound of such algorithms, also removing
the constraint of using primitive polynomials as
a mandatory input parameter by substituting
them with a monic polynomial with a non-zero
independent  coefficient. Furthermore, we
analyze special cases of the input parameters of
the algorithms described later in this paper that
allow wus to reduce their computational
complexity to be close to those in the state-of-
the-art of non-singular matrix generation.
Finally, we remark that the matrices obtained
through our algorithms can be used in key-
dependent encryption schemes where part of our
algorithm’s input parameters are derived from
the key. The output of our algorithms can also
be used for McEliece-type cryptosystems.

Il. MATHEMATICAL PRELIMINARIES

Let [F, denote the finite field g elements,
and G be an arbitrary group acting over an
arbitrary set Q. We denote by g9 € Q the action
of g€ G on B €Q. The stabilizer of points

B1,Bas s Biey € Q in G is denoted by ¢ =
Gp, pypG =GP and GV =, Let B =
(By, Bay ..., Br) be a basis for G, then the basic

orbits are the sets of points A®= {Bf(i),i =

12, .., k}.

For a given base B, the Schreier structure
[6] is defined as the arrangement L =

[LB1, LB, ..., LBk ] in which

18, = [ﬁi, Ay, Az asi]

g g gl
where:
- AD = (B aq,ay, ...,
gil)»gél)r- }gg) ec®

(l) (l) g(l) . .

- 9 I =a;,i=12,..,kand j =

1,2, ..,s;

We call a right transversal for GV in ¢®
to the set U= {xox,..,x;} of the
representatives of the right cosets of G@*+1 in
G®, being x, =1; and s; + 1the index of

GV in 6O, Every element g € G can be
expressed in a unique way as the product of
elements of a right transversal U;, i = 1,2, ...,k

for GV in Y, ie,Vg€eEG, g =Tl
where e U; ={[I\- Og](l) W_p, 1=
0,1, ...,si}. A random selection of the elements

of G can be reached by randomly selecting the
elementsof U;,i = 1,2, ..., k [6-9].

Given a monic polynomial g(x) € F,[x] of
degree n, the companion matrix is:

0 1 0
A=l o o ;
—90 —91 ~In-1
where 90,91+ Gn-1 € Fy are the

coefficients of g(x). The order e € N of
matrix A is the smallest positive integer such
that g(x) divides x¢—1. From [10] it is
known that:

(dOJdlf ] dn—l) = (ao'al» "an—l)Ak
is equivalent to

(ao + dlx + ...+ dn_lxn_l) =
(ap + a;x + -+ ap_1x™ ) (x*) mod g(x).

I11. THE SCHREIER STRUCTURE USED IN [5]

Let us briefly discuss the Schreier structure
analyzed in [5] which consider the base B =

(B1, B s Bn) for G = GL,(F,), where B; =
<0, -,0,1,0, 0> is the canonical vector with
i
a 1l in position i.
_ ﬁl all s dlqn_z]
Let LB, = [In A, A and for
each 2 < i < n we define Lg; as:
Bi a;, aiqn—i+1_2'
I, A A
Biao ai? Ln—it+1i_,
Diao Al DRy Al
Bia(q—zl---:q—z) aiiq—z,...,q—z) % ;‘111 Zl+1q 22)
Dia(q—z,...,q—z) Ai Ai

having the matrix A;, which stabilizes all the
elements of the base before S;, of the form:
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L., 0
0

ln—i+1

where 4; ..

n—i+1

9i(X) = gio + giaX + -+ Gin-ix
In addition, the matrices D; , are of the form:

;4
0 0
Diao = )
0 Ain—i+1
0---0 —gi,oao
;4
0 0
Dial - y
0 in—i+1
00 —goa—a’
Diaz
;4
0 0
= | | ) ey
\ 0 Ain—i+1/
00 —gioa*—a
L (q"=3,q"~2)
li_4
0 0
0 in—i+1

—gi0(@?* +a%?) 0.0
Finally, we have that:
- B, is the canonical vector with a 1 at the i-

th coordinate.
- The values of ﬁiat, having a 1 at the i-th

coordinate are calculated as:
Bipo = (0,.:,0,2%, 1,0, ...,0)
L

Biaq—z...q—z = (aq_z’ ey aq_z’\l&’ 0, e ,0)
L

- ail = (0, 0, ...,0, \_\1,_, ;0; ---'0)7"'7 aig =

i+1
0
(0,..,2%0, 1 ,0,..,0),...,
()
i+1
xX.q-2,.9-2 =
b
-2 -2
(a97%,...,a97%,0, l ,0,...,0)
i+1

18 No 1.CS (21) 2024

IS the companion matrix of a
primitive polynomial g;(x) € FF,[x] such that

a -_
L n—i
qTL i+1 2

-1
(0, 0, e ,0, ri_l ) aey rn_z, _gi,n—l)’
.
4

;o =

lqn—i+1_2

0 -1
(0, ey a ) 0, ri_l 1] ...,rn_z, _gi,n—l)""’
M
L

al.q—3...q—2 =
n—i+1_2

q
-3 -2 -1
(“q sy yTim1y -2, —Gin-1
&.,:_/
l
havingr,,i — 1 <t < n— 2 are arbitrary value

of .

IV. ALGORITHMS WITH THE MULTIPLICATION OF
TWO POLYNOMIALS MODULUS A MONIC
POLYNOMIAL WITH NONZERO INDEPENDENT
COEFFICIENT

From the Schreier structure shown in
Section 11, the authors of [5] were able to
define some algorithms to generate a non-
singular matrix A, calculate its inverse A~! and
multiply two matrices AB where Aand B €
GL,(F,). However, these algorithms use
primitive polynomials and when the degree of
the same and/or the size of FF, grows, it is
difficult to obtain such polynomials to carry on
with the procedure of the algorithms. Such
drawback can be avoided by using arbitrary
monic polynomials having their independent
coefficient distinct from zero.

Theorem 1. Let B = (B4, B2, ---,Pn) be a
basis for G = GL,(F,). the multiplication of a
vector a = (ay, aq,+,a,-1) by u; € U;, where
U; is a right transversal or G@+V in 6@, i =
1,2,---,n, can be expressed as

a* (ap + a1 x + -+ ap_1x™ 1 -x1 mod v1(x)

a%z

(ap + a1 x + -+ ap_1x™ Y - x2 mod v,(x)
= ag+Cop-ay, (ag +azx+ -+ a,_1x"2) - x'2 mod v,(x)

ati= ag+Cyo- 1,01+ Cip - @i_g, @iz + Ciip - A4,

(aioy + aix + -+ ap_1x™ ) - xt mod v;(x)

where v;(x) € Fy[x] is an arbitrary monic
polynomial of degree n —i + 1 having v;, # 0
whose order e; satisfies that n—i+1<e¢e; <
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qn—i+1 - 1, li = 0,1, e, € — 1 with i =
1,2,..,nand C;_, ; € F, having i = 2, ...,n and
j=01,..,i-2.

Proof. To demonstrate the previous theorem
let us construct the following Schreier structure.

8
_|B % P, O e 01y

Let Lﬁl_ In Al A1 Bz/u Blhrl be

the Schreier structure associated to 8, where:

- A; is the companion matrix of the
arbitrary monic polynomial v;(x) = vy, +
ViaX + v XM X" € Fx], vip #
0, whose order e, satisfiesthatn <e; < g™ — 1.

a, = (0’1’0’...’0)’...,(1161_2 =
(To,* Tn_a,—9g1s) Where 1,0 <t <n—2is an
arbitrary value of IF,.

14

- afsl ¢51].,1 <s;,p<e,—1 and 1<
jJsn.

- B, is the companion matrix of a primitive
polynomial 91(x) =g10+ g1ax+ -+
Gin-1X""1 +x™ € Fylx].

- 6, # 6, forl #mhavingl <[,m <.
afe11—2 - 611 and (Zle = 61z+1 with 1 <

z<n—1

Later, for 2 < i < n we define Lf; as:

ﬁl ail aiei—z
In Ai Ai
B; . .
Lao al(l) algi—z
Di‘x0 AL oo Al
B; a.(q-2,..9-2
t(q-2,.,9-2) aigq—z,m,q—z) lé‘il_z a-2)
Dt 42,02 A; A;
S
ir;
6i1 5i2 Yi:.
Yiy Yiy B. !
Bi Bi i
0
6,:? 613 an—i+1_2
Yiy Yiy Yiy.
B, B; B
8 (@-2.a-2 O .(4-2..0-2) 8.(q-2..q4-2)
b ) A
Viy Vi, T
B, B. YVip,
i i g i

i
where:

- f; is the canonical vector with a 1 at the
i-th coordinate.

- The values of g; ,, having a 1 at the i-th

coordinate are calculated as:
Bi, =(0,..,0,a%1,0,..,0)

i

= (a?7?, ..., aq‘z,le, 0,..,0)

ﬁiaq—z...q—z
i
- @, =(0,0,..,0, 1,0,...,0)..... 0 =
i+1
0 —
(0, v, 0, 1 , 0.. 0),..., a.(q-2,.q-2) =
.\-VJ ll
i+1
aq‘z, ...,a‘?‘z,O, 1,0,...,0),, a.(qg-2,..q-2) =
s lei—Z
i+1
-2 -2 -1
(aq s, ‘Ti—1‘---'7”n—z'—9i,n—1>
Nt
i-1

- A; is a matrix of the form (1) where
A; .., 1s the companion matrix of the arbitrary

monic polynomial v;(x) € F,[x] of degree n —
i +1 having v;, # 0 whose order e; satisfies
that n—i+1<e <q" 1 —1. The matrix
A; stabilizes all the elements of the base before
Bi-1-
a:f¢5ij,1sS,pSej—1and1Sjsn-.
- The matrix B; of the form:
li_4 0
B; =
0 Bin—i+1
where B; . has order equal to ¢"~"** —1
and is the companion matrix of a primitive
polynomial g;(x) € F,[x] of degree n — i + 1.
6, #6;, for l+=m having 1 <[,m<

;-
BVi1 Yize1)
- i — 5. i — i
@, 6;, and a, 61(Z+1) with

1<z<nr-—-1
- The matrices D; , are of the form:
a

No 1.CS (21) 2024 19
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Dia(q—z;--,q—z)

L4
0 0
Yir+1 .
= B :
0 in-it1
-3 -2 n-—t
—Vjpa?’ —at 00
Vitrsn), Vigry),
i i
= 6 = ; = .0
lg.—1? 7;0 i ) )
b ej~1 lqn-i+1_2 ej—1
Vi41),
i J—
o) (@-3q-2) = aig‘?__f"' q-2)
qn i+1 -2 A

Then selecting the elements u; of the right
transversal U; for G+ in 6@, i = 1,2, ,nif
such that:

= ul - (Al)ll, ll - 0,1,"',61 - 1
- For2<i<nu = (4)%or:

= (4" 1_[3“’ Di,y) (A"
Yi; L ..
1_[3 (D) (D) (A"
having [, = L, =01, =1 and x; =
-,(qn—Z,--',q”—Z).

then the multiplication of a vector a =

(ag,ay,,a,_1) by u; can be expressed as:
an = (ag+a;x+--+ an_lxn_l) -xv mod v1(x)
az = (ag+ ayx + -+ a,_x™ D - x2 mod v,(x)

= ag+Cyo-ay, (@ +agx+ -+ ap_1x"2) - x'2 mod v, (x)
Uj —

at= ag+Cp-ai1,a1+Cy-aig,0 052+ Ciip iy,

(aisy + apx + -+ ap_1x™) - x4 mod v;(x)

Therefore, the proof is complete.

An example of the development of the
Schreier structure used to demonstrate Theorem
1 is shown in Appendix A.

Using the above reasoning, we obtain a
method for generating a non-singular matrix
based in the multiplication of polynomials
modulus a monic polynomial with non-zero
independent coefficient as shown in the next
algorithm.

20 No 1.CS (21) 2024

Algorithm 1: Generate a matrix A € Subset (GLn(]Fq))

Require: C;_,; EFg,i=2,..,nandj=0,1,..,i — 2.
Require: Monic polynomials v;(x) = v;¢ + v;1x + =+ +
Vipoa X"+ EF [x], vp#0,1<i<n
Require: [; = 0,1, ..., e; — 1 where e; is the order of v;(x)
Ensure: A nonsingular matrix A € Subset (GLn(IFq))

/I Calculate the first row of A (ry)

(ag,aq, . an—1) = (1,0,...,0)

alx) = ag+a;x + -+ a,_x"?!

(@ + Gyx + -+ Gy x™ ) = (a(x))(x") mod vy (x)
r, = (ao, alt ey 6,i‘rl—l)

/I Calculate the j-throwof A (2 < j < n)
for j =2 ton do:
(ap, @y, ., an-1) = (0,0, ...,
for i = j down to 2 do:
g =ag+ Cio- a4
i =a;+Cy a4
4 =a,+ Gy a4

aj_; =1,0,..,0)

i, =a;_;+Cyip-a;4 _
alx)=a;_;+a;x + -+ a,_x"!
@g o+ Apgx™h) =
(a(x))(x") mod v;(x)
(ag, aq, ey @p_q) = (@g, @y, -,
end for
a(x) = ag+a;x + -+ a,_x
(@ + -+ @n_gx™1) = (a(x))(x") mod v, (x)

1)

n-1

rj = (g, 8y, ..., Gp_1)
end for
It worth to remark that using monic

polynomials we cannot generate the whole
GL,(F,). For the subset generated by using
these polynomials we will use the notation

Subset (GLn(]Fq)) and its cardinality is given
in the following proposition.

Proposition 1. The cardinality of
Subset (GL,(F,)), denoted by #subset (GL,(F,))
is equal to

n-1 n
#Subset (GLy(Fy)) = (1_[ qi> nqef ~1
i=1 j=1

Proof. The cardinality of
Subset (GLn(]Fq)) is the consequence of the
construction of the Schreier structure used to
demonstrate Theorem 1.

Analogously to the method presented in
Algorithm 1 one can deduce the procedures to
obtain the inverse of a matrix AE€
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Subset (GLn(IFq)) and to multiply a vector for

a matrix A or its inverse A~!. The pseudo-
codes of these algorithms are presented in
Appendix B.

V. ALGORITHMS FOR MATRICES WITH
VARIABLE RIGHT TRANSVERSAL U;

Let us consider that the values [; will always
be the same regardless the remaining input
parameters of Algorithm 1. If one sets up [; =
n—i+1 having i=12,--,n then the
algorithm is still able to generate a matrix A €
Subset (GLn(IFq)). In addition, let us enunciate

the following proposition.

Proposition 2. Let v;(x) =v;o +v;1x +
o Vg XM X e Fo[x] and hy(x) =
Riog+ hi1x + 4 hyp g x™ 4 x 1 €
Fqy[x] having h;g,v;o # 0 for 1<i<n two
inputs of Algorithm 1 and let [; =n —i+ 1 for
i=12,,n. If for some value of i it is true
that v;(x) # h;(x) then the algorithm will
produce two distinct matrices.

Proof. Let v, (x) # h;(x) and let us assume
that the first row of each matrix are equal. Since
the first row of a matrix generated using
Algorithm 1 is obtained as the result of 5;* then
two arbitrary matrices produced by the method
will have an equal first row if and only if
v;(x) = hy(x). Hence, when v,(x) # h;(x)
the first row of both matrices are different.

For 2<i<n, let v;(x) # h;(x) and the
first i — 1 rows of both matrices be equal and
let us assume that the i-th row of the matrices
are also equal. Since the i-th row is obtained as
r; = B, then it must be true that the
values C; ; on both matrices are equal as well as
the polynomials v;(x) and h;(x). However,
v;(x) # h;(x), therefore the i-th row of both
matrices are different.

As result of Proposition 2 we obtain the
number of distinct matrices of GL,(FF,) that can
be generated using Algorithm 1 when [; = n —
i+1fori=1,2,--,nasstated in the following
corollary.

Corollary 1. The number of distinct
matrices of GL,(F,) that can be generated
using Algorithm 1 when [; =n—i+1 fori =

1,2,---,nis:
n-1 2
([Te) @-»r

i=1
Finally, if we take under consideration the
following set of input parameters:

Cl'—l,j EIFq,i=2,3,---,n and ]=
0,1,--,i—2.
- Monic  polynomials  v;(x) =v;, +

Vi X 4 o Vx4 x L €
Fqlx], vio # 0 where v;(x) is even and 2 <
i<n. If F,=TF, then v, =1else vy, =
-1
1 orv,,= =
’ 2
e .
- l; = x2 where e; is the order of v;(x)
andi =1,2,--,n.

then Algorithm 1 is able to generate an
involutory matrix A € Subset (GLn(]Fq)).

VI. COMPUTATIONAL COMPLEXITY OF THE
ALGORITHMS

In the preceding section we discuss the
definition of new algorithms for generating non-
singular matrices as result of the multiplication
of polynomials modulus a monic polynomial
with non-zero independent coefficient. The new
algorithms avoid the wuse of primitive
polynomials which can be a drawback as the
size of [F, or parameter n increases. As result of
this trade-off, the number of matrices that can
be generated by these algorithms was reduced
as stated in Proposition 1. However, the use of
monic polynomials instead of primitive ones
does not have any implication towards the time
complexity of the algorithms since we only
substitute the primitive polynomials from the
original version of the same presented in [5] by
monic polynomials of identical degree. Thus,
any complexity analysis we conduct over the
algorithms described in this paper can be
extended to those presented in [5].

No 1.CS (21) 2024 21



Journal of Science and Technology on Information security

It is well-known that the naive polynomial
multiplication algorithm is not the optimal way
to multiply two polynomials. There are several
research papers where this topic is studied and
to the best of our knowledge the complexity of
multiplying two polynomials of degree less than
nin F,[x] is given in [11]. However, to show
that the bound given in [5] is not tight we will
use the same complexity formula related to the
multiplication of polynomials the authors have
used, which is equals to O(nlognloglogn)
according to [12].

In [5], the authors assume that every
polynomial multiplication carried by their
methods have complexity O(nlognloglogn)
which is not true since they work with
polynomials of degree strictly less than n to
calculate the intermediate values necessary to
construct each row of the matrix. In addition, let
us consider the following:

- The polynomials used within the
algorithm are of degree at most n —i+1, i =
1,2, -+, n with coefficients in F,[x].

- The complexity of multiplying two
elements on [F,, denoted M,, is the same
regardless the degree of the polynomial v(x)
from which they are coefficients and it is
O(blogbloglogb) where b is the size in bits of
the same.

- We denote by C; = O(ilogiloglogi) the
complexity of multiplying two polynomials
module an i-degree polynomial.

Proposition 3.  The
complexity of Algorithm 1 is

T(n) = Z(i ~ e, +qu#

Proof. For demonstrating the proposition,
let us show the number of polynomial and finite
field multiplications carried by the algorithm on
each step according to the Schreier structure
defined in Section V.

computational

Calculation of Polynomial Finite field
the i-th row multiplications | multiplications
B -

22 No 1.CS (21) 2024

(Bz)ul cn
(B5)=t Cn + Cnoy 1
(ﬁi)ui—zui—l"'ul Cp + - i—24+-+1
+ Cn—i+2
(ﬁn_l)un—zun—s"'lh Cp+--+Cs n—34+--+1
(ﬁn)un—1un—z"'u1 Cp+ -+ Gy n—24+--+1

From the above decomposition we obtain
that the complexity of all the multiplications of
two polynomials modulus an i—degree
polynomial defined over F, where i = 2,3,-,n

is given by the formula
(n=1DC,+(n—-2)Cpq + -+ 2C3+C)
which can be simply written as:

zn:(i - 1¢;

In addition, the amount of element
multiplications in [F, whose computational

complexity is M, is equal to:

n-2 n-3 2 n-2 .

. . . i(i+1)
Qi i i 1= ) =
i=1 i=1 i=1 i=1

Then, it is straightforward to see that the
computational complexity of the algorithm is:

n n-2 G+ 1)

_ i(i
Z(l—l)ci +qu .
i=1 i=1

Therefore, the proof is complete.

In [5] the total computational complexity of
multiplying two elements in F, was deemed to
be constant and therefore removed from the
complexity expression of the algorithm.
However, as one can see in the proof of
Proposition 3, the number of element
multiplications in [, increases by quadratic
order as the value of n does. Thus, one cannot
simply discard such value when calculating the
complexity of the algorithm. Moreover, as we
aforementioned the authors of [5] were absolute
to say that all multiplication of polynomials
modulus an i-degree  polynomial had
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computational complexity of C,, which we have
shown is not the case when the module
polynomial have degree strictly lower than n.
This leads us to conclude that a more accurate
upper bound for the algorithm presented in [5]
for generating a non-singular matrix is given by
the result of Proposition 3. The remaining of
this section is dedicated to address the
complexity of the algorithms presented in
Appendix A.

It is known that the complexity of finding
the inverse of a polynomial modulus an
i—degree polynomial over [F, has complexity
0(C;logi) [13]. This yields in the following
proposition.

Proposition 4.  The
complexity of Algorithm 2 is

T(n) = Z(i ~ 1, +qu i ;r D

computational

n
+ZC’ilogi +(n-1)¢C,
i=1

Proof. To prove the above proposition, we
follow the same reasoning as for Proposition 3.
Let us show the number of polynomial and
element multiplications carried by the
algorithm.

Calculation of the Polynomial Finite field

i-th row multiplications | multiplications
uyt -
1
(ﬁZ)u;luz_l Cn+Cn 1
(Bt uz' st | Cot oy +Cos 2+1
(Bi)ufl.uui__llui‘l Cp+ 4 Cpiisr i— 1+ +1
(Bp¥i unttnls | Cp 4G | m—24 41
(Bt | Cpt ot G | m—l+ -t 1

From the above decomposition we obtain
that the complexity of all the multiplications of
two polynomials modulus an i—degree
polynomial defined over IF, where i = 2,3,---,n
is given by the formula

((n - 1)Cn + (TL - 1)€n_1 + A + 262 + 61)

which can be simply written as:

n—-1
Zi-6i+(n—1)(3n
i=1
In addition, the amount of element

multiplications in [F, whose computational
complexity is M, is equal to:

n—-1 n-2 2 n-1_ .

. . . i(i+1)
Zl+ [+ + l+1=Z >
i=1 i=1 i=1 i=1

Later, for calculating the i-th row of the
matrix the algorithm performs a polynomial
inversion modulus an (n—i+ 1)-degree
polynomial, and the complexity of making all
polynomial inversions is given by the formula:

n
z Cilogi
i=1

Then, it is straightforward to see that the
computational complexity of Algorithm 2 is
equal to:

n n-1 G+ 1) n

A
Z(i—l)(?i +qu ; +ZC’ilogi
i=1 i=2 i=1

+(n—-1¢C,
Therefore, the proof is complete.

Although the result of Proposition 4
encompasses all the operations made within the
algorithm, by applying the rule of the sum for
algorithmic complexity we can discard the two
rightmost members of the formula given in the
proposition. Hence we can summarize the
complexity of Algorithm 2 in the following
corollary.

Corollary 2. The computational complexity
of Algorithm 2 is

0 <i(i — 1), +Mqr§i(i ;r 1))

Finally, let us discuss the complexity of
multiplying a row vector by a matrix or its
inverse. The next two propositions give the
complexity bound for the same.
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Proposition 5.  The
complexity of Algorithm 3 is

computational

n(n—-1)

T(n) = Z e, B

Proof. Let us show the number of
polynomial and field element multiplications in
Algorithm 3.

Calculation of the result vector

(aOr a, -, an_l)unun—1"'u1

Polynomial multiplications

Cp+Cnog ++Cy+0Cy

Finite field multiplications

n—-1+n—-2+-+2+1

From the above decomposition is easy to
check that the total complexity of multiplying
two polynomials modulus an i-degree
polynomial defined over [, is

(C‘I‘L-l_cn—l + “'+62 +61) =zCl

whereas the complexity of multiplying
elements of [, is

n-—1
) nn—1)
My Y i= My
i=1

Hence, the complexity of the algorithm is
n(n -1

XRE—

Therefore, the proof is complete.
O

Proposition 6. The
complexity of Algorithm 4 is

n n

] nn—1)

T(n) = ZCilogl +ZC’i +Myg————
i=1 i=1

computational

2

Proof. The demonstration of the proposition
is identical to the one for Proposition 5 but we
also have to take into account the number of
polynomial inversions made by the algorithm
whose complexity is equal to:
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(Cylogn+C,_4log(n—1) + -+ C;log1)

n
= Z C;logi
i=1

which yields in that the complexity of the
algorithm is

n n
. n(n—1)
Zeilogl +ZC’i +MQT

i=1 i=1

This completes the proof.

To this point we have shown several
algorithms related to the generation of non-
singular matrices with coefficients over [F, and
the multiplication of a row vector by these
matrices as well as discussed the computational
complexity of the same. We like to remark that
although we do not improve the time
complexity of the algorithm introduced in [4]
our algorithms use, at most, n random elements
of F, while the one presented in [4] uses n® +

0(1) random field elements in average.
Furthermore, in order to multiply a row vector
by a matrix or its inverse we do not have to
represent the matrix to make the calculations.

VII. REDUCING THE COMPLEXITY OF
GENERATING A NON-SINGULAR MATRIX AND ITS
INVERSE

For the case of general matrices there exist
several research papers that propose methods to
obtain their inverses [14-16]. Other algorithms
focus on special types of matrices such as
positive definite matrix [17], tridiagonal matrix
[18] and diagonal matrix [19]. However, such
algorithms have computational complexity of
0(n3). The first method to have a complexity
strictly lower than O(n3®) was proposed by
Strassen in [20] having a running time of
0 (n?2%8) and, after several improvement to the
index of n, Coppersmith and Winograd obtain a
method capable of finding the inverse of a
matrix in 0(n?49%) [21]. There exists methods
whose running time is O(n?) such as the
proposed by Traub for inversion of classical
Vandermonde matrices [22], which has since
been extended to many important cases beyond
the classical Vandermonde case. Nonetheless,
we do not find any reference where the
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generation of the inverse matrix take less than
O(n?) operations. Through this section we
discuss some input configurations for the
algorithms discussed in this paper which allow
to reduce their computational complexity.

Proposition 7. Let (_,;=0,i=
2,3,,n,j=0,1,-,i—2and let; # 0 while
[, =0Vvi>1. Then, the complexity of
Algorithm 1 is

T(n) = (n—1)C,

Proof. Notice that if C;; = 0 then no field
element multiplications are carried by
Algorithm 1. Furthermore, if Vi > 1 we have
[; = 0 then the operation

a;(x) - x' mod v;(x)

where a;(x) = a;_; + a;x + -+ ap_x™
can be reduced to

a;(x) mod v;(x)

which is equal to a;(x) given that such
polynomial have degree lower than v;(x). Thus,
no complexity is added for the multiplication of
polynomials modulus v;(x) when i > 1. Later,
to construct the j-th row is only necessary to
operate:

(ag + a;x + -+ a,_1x™ 1) - x'* mod v;(x)
0 n

whose complexity is C,. Hence, it is easy to
check that complexity of Algorithm 1 in this
case is equal to (n — 1)C,,.

From the result of the above proposition
one can obtain the following corollary.

Corollary 3. Let C;_,; =0, i =23,-,n,
j=01,-,i—2 and letl; #0 while [; =
0 Vi > 1. Then, the complexity of Algorithm 1
is O(n?lognloglogn).

Remark 1. It worth noticing that for matrix
sizes of order of thousands the number of
operations made by the new configuration of
Algorithm 1 is lower than the one presented by
Coppersmith and Winograd [21].

Proposition 8. Let (;_;;=0,1i=
23,,n, j=01,--,i—2 and letl,l, #0
while [; = 0Vi > 2. Then, the complexity of
Algorithm 1 is O(n? lognloglogn).

Proof. Using an analogous reasoning to
proof of Proposition 7 one can easily obtain that
the complexity of the algorithm is given by the
formula

Tm)=m—-1C,+(n—2)C,_,

from where it is straightforward to notice
that

T(n) < 2nC,, € 0(n?lognloglogn)
This completes the proof.

The results from Propositions 7 and 8 can be
generalized in the following theorem.

Theorem 2. Let ¢;_,; =0, i =23,-,n,
j=01,-,i—2 and letl,l;, -, l; # 0 while
[, =0Vk >i. Then, the complexity of
Algorithm 1 is O(i - n? lognloglogn).

Proof. It is the consequence of the
combination of the proofs for Propositions 3, 7
and 8.

Notice that, as result of Theorem 2, when i
= n then the algorithm running time is roughly
bounded by O(n3lognloglogn) which
correspond to the bound given in [5].
Furthermore, the more [; # 0 we use the greater
is the subspace of matrices we can generate by
means of our proposal.

In the next table we show a comparison of
the result from Theorem 2 and other methods to
obtain non-singular matrices in the literature.

Reference Type of Upper bound for
matrix complexity
Theorem 2 Arbitrary O(i - n?lognloglogn)
Ref. [17] Positive 0(n?)
definite
Ref. [18] Tridiagonal 0(n®)
Ref. [19] Diagonal 0(n?®)
Ref. [20] Arbitrary 0(n?898)
Ref. [21] Arbitrary 0 (n?*%)
Ref. [22] Classical 0(n?)
Vandermonde
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Once we have analyzed special input cases
of the algorithm to obtain nonsingular matrices
in less than O(n®) operations let us show that
the complexity of multiplying a row vector by
such matrices is equivalent to multiplication of
polynomials modulus an n-degree polynomial
over [F,.

Proposition 9. Let (i_;;=0,i=
2,3,,n,j=0,1,-,i—2and letl; # 0 while
[, =0Vvi>1. Then, the complexity of
Algorithm 3 is

T(n) =¢C, € O(nlognloglogn)

Proof. It worth noticing that in Algorithm 3
the input vector a = (ay, a4, -+, a,—,) remains
constant regardless the value of i=n,n-—
1,--+,3,2 given by the fact that both C;; and [;
are equal to 0. Hence the result of the
multiplication of a@ by the non-singular matrix A
is equivalent to

(ag + a;x + -+ a,_1x™ 1) - x* mod v;(x)
0 n

whose complexity is
O(nlognloglogn). o

C, €

Following the reasoning of Propositions 7
and 8 which yield in Theorem 2 we can also
generalize the result of the above proposition as
stated in the following corollary.

Corollary 4. Let C;_,; =0, i =23,-,n,
j=01,-,i—2 and letl,,[,,-,l; # 0 while
l, =0Vk >i. Then, the complexity of
Algorithm 3is O(i - nlognloglogn).

In addition, we believe that the prior
knowledge of the factorization of the monic
polynomials will also have influence on the
complexity of the algorithms, but such is a topic
we will board in a future research.

VIII. CONCLUSIONS

In this paper several methods for the
construction of non-singular matrices were
studied. We show that one can substitute the
primitive polynomials used in [5] by monic
polynomials  with  non-zero  independent
coefficient and yet generate non-singular
matrices without affect the complexity of the
algorithm. In this fashion we provide the proofs
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of the complexity bounds of the methods
presented here which are more accurate than the
ones in [5]. In addition, we analyze some
special input configurations which allow to
reduce the complexity of the algorithm to
generate non-singular matrices to
O(n?lognloglogn) and the algorithm to
multiply a row vector by a non-singular matrix
to O(nlognloglogn). Finally, we generalize
the results for a given configuration of the input
of the algorithms which take C;_;; =0, i =
2,3,---,n, j=01,-,i—=2, lj,1;,--,lg #0
while [, = 0Vk > s forsomes = 1,2,---,n.

APPENDIX A. EXAMPLE OF THE PROPOSED
SCHREIER STRUCTURE

|

be the companion matrix of the arbitrary monic
polynomial

Let

R oo R
_OoOR O
NN =)

vi()=x*+x3+x2+x+1 €F,x]
with order 5 and let

3

be the companion matrix of the primitive
polynomial b, (x) = x* + x + 1. Then Lg_will
be:

L oo o
R oo R
cor o
oro o

(1, 0, 0, 0) (0, 1, 0, 0) (0, 0, 1, 0)
10 0 0 0100 010 0
(0100)(0010 0010
0 010 0 0 0 1 0 0 0 1
0 0 0 1 11 1 1 11 1 1
(0, 00 00 1) (1, 1, 1, 1) (1, 0, 1, 1)
010 0 0100 010 0
(0010)(0010)(0010)
0 0 0 1 0 0 0 1 0 0 0 1
11 1 1 11 1 1 11 1 1
(1 o, 0, 1) (1, 1, o, 00 (0, 1, 1, 0)
01 00 01 00 01 0 0\°
<0010><0010><0010>
0 0 0 1 0 0 0 1 00 0 1
110 0 11 0 0 11 0 0
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S o
— o o o
oo oo —

Tl OO O

So— -
So oo
—HOo oo -

T OO O

Let

0 1
11

ay=(

SO

S OO

o —HO O

— OO O

O O

O O

S OO

— OO O

|

l
2

polynomial

4z

is the companion matrix of the

where A

where A5 is the companion matrix of the
polynomial v;(x) =1+ x + x? with order 3.

v,(x) =1+4+x+x%+x% with

order 4 and let

Since the polynomial v5(x) is primitive, the
matrix B; is not necessary. Then L, will be:
0;

1))

O O

1:

0:

0:

0, 1,

@,

S O

O O O

S OO

— OO O

|

2
primitive polynomial b,(x) = 1 + x2 + x5.

Then Lg, will be:

(

Bz=

is the companion matrix of the

where B

S OO

S —HO O

— OO O

D (,

O O

S OO

S —HO O

— OO O

0) (o,

/
S OO

S O O
o —HO O

— OO O
S~———

O O

—ococo

- O —HOo ©

~l OO O

m/l\

\1}\)

O O

Sooco «

- O —HOo o

s ees
—~

~
(=}

L
L

o
—

-~
O O

S OO o
O O

— OO O
S~———

=l =R=E=N

S OO O

nU;lOOO

Soowo

0;1000

D3,

D3,

Finally, taking v, (x) = 1 + x then Lg, will

— O OO

el OO O

Dy,

Dyy

No 1.CS (21) 2024 27



Journal of Science and Technology on Information security

o 1 1, 1» (1, o o0 1) (1, 0, 1, 1) end for
1 0 0 O 1 0 0 O 1 0 0 O
0100 0100 0100 a(x) = ag+ayx + -+ ap_x"71
0 0 0 1 0 0 0 1 0 0 0 1 (g + 4+ Gp_qx™1) = (a(x))(xll) mod v, (x)
00 1 1 011 1 00 1 1 return (dg, @y, ..., p_y)
D43 D44 D45
1 1, 0 1) (1, 1, 1, 1 Algorithm 4: Multiply a vector for the matrix A~!
1.0 00 1000 Require: C;_y; € Fy, i =2,..,nandj =0,1,..,i — 2.
0 100 0100 Require: Monic polynomials v;(x) = v; o + v; 1% + - +
0 0 0 1 0 00 1 nei | n-itl
Vi1 X"+ x € F,lx], vip#0,1<i<n
0 1D461 1 0 19471 1 Require: [; = 0,1, ..., e; — 1 where e; is the order of v;(x)

APPENDIX B. ALGORITHMS

Algorithm 2: Generate the matrix 4~*

Require: C;_,; EFq,i=2,..,nandj=0,1,..,i — 2.
Require: Monic polynomials v;(x) = v;o +v;1x +
o v X XM e F[x], vy #0,1<i<n
Require: [; =0,1,...,e; — 1 where e; is the order of
v;(x)

Ensure: The matrix A1

Il Calculate the j-th row of A1 (1 < j < n)

for j = 1tondo:
(ag, @y, o, @n-y) = (0,0,..,a_; = 1,0,...,0)
a(x) = ag+a;x+ -+ a,_x"?
(@o + -+ Gn_gx™™) = (a(x))(x™") mod v, (x)
(ag, g, ey Ap_q1) = (@, @y, oory Gpp_q)
for i = j down to 2 do:

Gi,=0a;,+C 5 a4
alx) =a;_; +a;x + -+ ap_1x™"
(@ioq+ ot Bpgx™h) =

(a(x))(x7%) mod v;(x)

(ag, q, ey Apq1) = (@g, @y, -ov, Gp_q)
end for
1 = (Ao, Ay, ooov, Ayq)
end for

Require: The vector d = (ay, ay, ", ap_1)
Ensure: d - A™!

a(x) = ag+ a;x + -+ ap_x™?

(@ + -+ @p_x™) = (a(x))(x™1) mod v, (x)
(g, A1y eee ey Apq) = (@g, Qg vy py_q)

fori = 2 ton do:

Qo i,0 " Ai-1
a; —Ciy - a;4

QD

0
1
G ,=a;5,+C 50,4

a(x) =a;_1+ax+ - +a,_1x
@ + -+ G x™ D) = (a(x))(x7%) mod v;(x)

n—i

Algorithm 3: Multiply a vector for a matrix A €
Subset (GLn(]Fq))

Require: C;_;; EFq,i=2,..,nandj=0,1,..,i — 2.
Require: Monic polynomials v;(x) = v,y + v;1x + - +
Vipa X"+ X" e F,[x], vip#0,1<i<n
Require: [; = 0,1, ..., e; — 1 where ¢; is the order of v;(x)
Require: The vector d = (ag, a,**, Ap_1)

Ensure: d- A

for i = n down to 2 do:
Gy =ay+Cyo-a;_q
ai=a;+C a4

i, =02+ Ci - a;4 .

alx) =a;_; +a;x + -+ ap_x™F

(@iq + -+ Gy x™ 1) = (a(x))(x%) mod v;(x)
(ag, @y, oy @p_q) = (@g, @y, or, Gp_q)
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(ag, A1y ey Apq) = (8o, @y, vor, Gpy_q)
end for
return (ag, ay, ..., ap_y)
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